We investigate the nonlinear dynamics underlying the evolution of a 2-D ferromagnetic film with uniaxial anisotropy and an oscillating magnetic field. Considering the associated Landau-Lifshitz spin evolution equation with Gilbert damping included, we study the dynamics in terms of the stereographic variable. We identify several new fixed points for suitable choice of external field. In particular, we analyze fixed points of the spin vector in the plane transverse to the anisotropy axis, and study their stability under homogeneous and spin wave perturbations. We further obtain a generalized Suhl's instability criterion, giving the condition for exponential growth of P-modes under spin wave perturbations.
Introduction
Interest in ferromagnetic resonance (FMR) has soared in recent times due to advances in fabricating nanostructures. This implies prospects for several new experiments to study possible absorption phenomena, and patterns that may form owing to instabilities, in ferromagnetic films. While other magnetic resonance counterparts such as nuclear magnetic resonance, electron paramagnetic resonance, electron spin resonance, etc., have found immense technological applications, including crystal structure determination and medical diagnostics, FMR has remained a more complex phenomenon. Some of the main features of FMR are a) large magnetization, and hence large susceptibility, b) large demagnetization field due to strong magnetization, which is also influenced by the shape of the specimen, and c) resonance excitations breaking into spin wave modes, that make spin reversal more complex. Spin-wave instabilities were first observed independently by Damon [1] and by Bloembergen and Wang [2] as noisy anomalous absorption which abruptly sets in at a certain threshold power as the resonant microwave field is increased. Suhl remarked that this phenomenon "bears a certain resemblance to the turbulent state in fluid mechanics" [3] . In fact the instabilities in this case were first explored in [3] and are referred to as Suhl instability. These were subsequently verified experimentally [4] . Under a growing attention to deterministic chaos and nonlinear dynamics, there occurred a renaissance on studies involving high-power magnetic resonance in the 1980s. High-resolution experiments were carried out for spin-wave nonlinear dynamics in the yttrium iron garnet film and sphere in parallel and perpendicular pumpings [5, 6, 7, 8] . For certain high powers beyond the Suhl threshold, interaction between excited spin-wave modes lead to various dynamical phenomena including auto-oscillations, period-doubling cascades, quasi-periodicity, and chaos. Also observed were irregular relaxation oscillations and abrupt transitions to wide-band turbulence, beyond the Suhl threshold [5, 6, 7, 8] , which were explained by using Zakharov et al's S-theory [9] .
Despite these pioneering works, including that of Suhl [3] , the investigations have been limited to the instability around fixed points that correspond to magnetization parallel to the anisotropy axis. In nanoscale ferromagnets, however, it is possible to rotate the saturation magnetization far from the anisotropy axis. The magnetization can even be driven to the equatorial plane perpendicular to the anisotropy axis. Therefore it is timely to analyze the nonlinear dynamics of spin waves in these new non-equilibrium states.
In this article, we investigate a 2-D ferromagnetic system with uniaxial anisotropy in a background of alternating magnetic field transverse to, and a static magnetic field parallel to, the anisotropy axis. The axis of anisotropy is chosen to be arbitrary. We also include the demagnetization field due to the spatial inhomogeneity of the magnetization vector, which is seen to play a crucial role. Fixed points -P-modes -of such a system have been identified earlier, and their stability against both homogeneous perturbations and spin-wave excitations analyzed [10, 11] . However, we specifically analyze equatorial fixed points, that have not been identified earlier, wherein the average magnetization vector lies in the plane transverse to the anisotropy axis and exhibit a more complex dynamics. We further obtain a criterion for instability under spin wave excitations, thus generalizing the Suhl's instability criterion.
The plan of the paper is as follows. In Section 2, we introduce the model spin Hamiltonian for the ferromagnetic film in the presence of the external field and an intrinsic demagnetization field, and write down the Landau-Lifshitz (LL) equation for the spin field with the Gilbert damping term included. We further introduce the stereographic variable, and rewrite the LL equation in terms of the new variable. In Section 3, we identify fixed points of the LL equation, specifically the equatorial fixed points, and analyze their linear stability under homogeneous perturbations. In Section 4, we study the stability under spin wave excitations and generalize Suhl's instability criterion. We conclude with a summary of results in Section 5.
Model Hamiltonian and LL equation
We consider a 2-D ferromagnetic film with uniaxial anisotropy and an applied oscillating magnetic field in the direction transverse to the anisotropy axis. Such a system can be described by a Hamiltonian for the unit spin field m(r, t) = {m 1 (r, t), m 2 (r, t), m 3 (r, t)};m 2 = 1 as
where
and the demagnetizing field H m satisfies the Maxwell's equation,
In the above, we have assumed the average magnetization to be of constant magnitude in space and time, and hence conveniently expressed the Hamiltonian (1) in terms of the normalized unit average magnetizationm. Equation Time evolution of the spin field is governed by the Hamilton's equatioṅ
Using the spin Poisson bracket relations
it is straight forward to show that the dynamics is governed by the LL equation [12] ,
where F ef f is the effective field given by
In equation (10), ∇ 2 is the two dimensional Laplacian
The direction of anisotropyê has been chosen to be arbitrary in the internal space of the spin field. Further, writingê = {0, 0, 1}, we choose the applied magnetic field to be of the form
whereê 1 andê 2 are the unit orthonormal vectors in the plane transverse to the anisotropy axis. Notice that the orientation of the anisotropy axis is specified as in equation (11) 
It is this equation in 2-D which we will be investigating in this paper as representing the ferromagnetic thin film.
It proves convenient for later analysis to express the equation in terms of the complex stereographic variable
or equivalently by the transformation
Correspondingly, the terms in the Hamiltonian in equation (1) become
where we have used equation (11), and represented the demagnetization field
On account of the spin Poisson bracket relations in equation (8), ψ obeys the Poisson bracket relation,
For the complex scalar field ψ, one can write down the evolution equation from the Hamiltonian (1), equivalent to equation (9) . Then, including the damping term, the evolution equation for ψ equivalent to equation (12) reads as [13] 
The form of the applied transverse field in equation (20) suggests that it is convenient to make a transformation
and rewrite equation (20) in terms ofψ. This amounts to moving to a rotating coordinate frame in the spin space, rotating about the anisotropy axisê with angular frequency ω. Ifm were expressed in spherical polar coordinates in the rotating frame asm = {sin θ cos φ, sin θ sin φ, cos θ}, thenψ = tan(θ/2) exp iφ.
With this change, the equation (20) becomes
It must be remembered that h m , H m and H * m in equation (22) are intrinsically related toψ through the relation (6) . Due to the second equation in (6), we can write
by introducing an auxiliary potential ϕ(r, t). Thus, H m can be found by solving the Poisson equation ∇ 2 ϕ = −4π∇ ·m. Consequently, the boundary condition and shape of the boundary influence the actual form of ϕ, and hence H m . In the following we shall consider only spatially homogeneous spin fields and small amplitude spin waves. In this case, boundary effects can be ignored if one assumes the spin wave to be confined to a localized region, and that they dissipate close to the boundary. In the case of large amplitude perturba-tions, coupling between different modes become nontrivial. This case will be separately treated elsewhere.
Fixed points (P-modes) and stability
Spatially homogeneous fixed points of equation (22) correspond to a uniform magnetization field that exhibit a periodic motion of frequency ω, irrespective of the fact that the governing equations are highly nonlinear. Such homogeneous steady states in the rotating frame are referred to as P-modes. These fixed pointsψ o , in the moving frame, are obtained from equation (22) 
Using these conditions in equation (22), one obtains after some rearrangement, the equation for the fixed points as
where the quantities b a , b a⊥ , Ω and κ ef f are defined as
Evidently, the fixed points are functions of the applied field strengths h a and h , and the frequency ω, besides the anisotropy constant κ. However, of these h , h a and ω are the tunable parameters.
From equation (26), it is straightforward to check that the equation satisfied
Equation (28) can be rewritten as a polynomial of degree four in
The quartic equation (29) admits in general two or four real solutions depending on the sign and magnitude of the coefficients. These roots can be easily obtained for any given set of parameters, and the nature of the corresponding fixed points can be analyzed by means of standard theory of equilibrium points of two-dimensional dynamical systems. One can establish the presence of either stable modes or foci, unstable nodes or foci, or saddles. A detailed analysis of these modes in terms of polar coordinates has been made in the past by Bertotti et. al. [10] .
In this paper, we wish to concentrate on certain physically interesting modes not identified earlier, namely those arising out of fixed points along the equator, whose form can be explicitly determined. Consequently their stability analysis can also be carried out in detail. In particular, on account of the anisotropy, the tendency for the spin field is to orient along the direction of ±ê . Naturally, the fixed points along the equator, i.e., in theê 1 −ê 2 plane, are special, being the other extreme. Besides, as will be shown below, these fixed points are degenerate, and the nature of dynamics around these fixed points is naturally of considerable interest. In the next three sections, we identify these fixed points and study their stability under homogeneous and spin wave perturbations. In Section 4.2, we obtain the generalization of the Suhl's instability criterion.
Equatorial and other fixed points
In 
The fixed points are adjusted by tuning the transverse field strength h a (= κ ef f b a⊥ ) and the frequency ω(= κ ef f Ω) of the applied field, while keeping h a = ω. Equations (31-33) also impose a limit on the applied transverse field strength, namely, 0 ≤ b
From equation (28) 
Spatially homogeneous perturbations
For a spatially homogeneous perturbation δψ(t) fromψ o , the linear stability of ψ o is analyzed using equation (22), with the assumptionψ =ψ o + ǫδψ, ǫ << 1, and restricting to linear terms in δψ. Correspondingly, the perturbed equation reads as
where we have defined Γ = (1 + |ψ o | 2 ) −2 . The equation (34) and its complex conjugate can be written in a compact form using an appropriate matrix Λ,
and Ψ = (δψ, δψ * ) T . The type of instability of a fixed point is determined by the determinant and trace of Λ.
equation (34), the determinant and trace are found to be
T r(Λ) = −2α
In general, the fixed point is a stable node or foci if |Λ| > 0 and T rΛ < 0, an unstable node or foci in case |Λ| > 0 and T rΛ > 0, and a saddle if |Λ| < 0.
However, for the equatorial fixed points, |ψ o | 2 = 1 and consequently |Λ| = 0, since χ = 0, thus leading to degeneracy. The phase portraits in Figure 1 , obtained using equation (22), reveals the nature of dynamics around these fixed points. Figure 1(a) shows the phase portrait for the choice b 
Equatorial fixed points and spin-wave instability
Unlike in EPR and NMR, spin reversal is prevented in ferromagnetic resonance because of spin wave modes coupling to resonance excitations. In this section
we generalize the study in [3] to the case of planar ferromagnet with uniaxial anisotropy in an arbitrary direction, and a demagnetization field. In Section 4.1 we concentrate specifically on equatorial fixed points in the presence of spin wave excitations. In Section 4.2 we obtain the generalized Suhl's instability criterion. For this purpose, we consider first a general perturbation δψ(r, t)
to the homogeneous steady fieldψ o , in contrast to the spatially homogeneous perturbations of the previous section. The nature of instabilities are identified by linearizing equation (22) in δψ, aroundψ o . Upon substitutingψ ≡ψ o + δψ in equation (22), and confining to first order in δψ, we find,
Note that in the above equation (39), the dispersion term and the variations in the demagnetization field are nontrivial due to the perturbation being spatially inhomogeneous. Making now a spatial Fourier decomposition,
and substituting in equation (39) we obtain the mode equations for a q . Due to the Poisson bracket relations in equation (19), the mode amplitudes a q also obey the Poisson bracket relation {a q , a * −q ′ } = iδ q,q ′ . The corresponding change in the demagnetization field is obtained using the relation
Here, δm is the change in the average local magnetization corresponding to δψ. This can be calculated using equation (13), and is given by
Using equation (40) in equation (42) we can write,
Consequently, it can be verified that
satisfies the constitutive relations in equation (6) . From equation (39), using equations (40) and (46), we have the mode equation satisfied by the amplitudes
where δH m and δh m are obtained from equation (46). Ifq(≡ q/|q|) is expressed in the spin frame asq = sin θ q (cos φ qê1 + sin φ qê2 ) + cos θ qê , then
Substituting equation (48) in equation (46) and using the resultant expression for δH m in equation (47), we can writė
Stability of equatorial fixed points
As we noted in Section 3.1, the fixed points along the equator are possible when h = ω. The nature of stability of these fixed points is studied from the period map M, defined through the equation,
obtained from equation (50) 
Mode equations and Suhl's instability
It can be verified from equations (51) and (52) Then, A q and B q in equation (50) are replaced byÃ q andB q given bỹ
Then equation (47) 
However, λ q = λ −q and µ q = µ −q , as will be shown below. With this change, using equation (56), equation (50) becomeṡ
In order for b q to represent normal modes, the last term in equation (57) must vanish. This condition along with equation (56) determines λ q and µ q . After some straight forward algebra we find
SinceÃ q =Ã −q andB q =B −q from equations (54) and (55), it follows that λ q = λ −q and µ q = µ −q . Substituting for λ q and µ q from equations (58) and (59) in equation (57) gives,
with solutions
In equation (63) (60) is modified tȯ
where 
or, taking a second derivative in time, and using its complex conjugate,
The necessary condition to see a growth of spin waves against P-mode is then given by
When this condition is satisfied, the normal mode grows as
Thus, to see an exponential catastrophic growth of b q , we should have
With a similar argument for the term e −iωt , repeating equations (64) - (73) we obtain a condition analogous to equation (73),
In the above analysis, the angle θ q -the angle between the anisotropy axis and the x−y plane plays a crucial role. From equations (51) and (52) 
Conclusion
We have investigated non-equilibrium states of nanoscale ferromagnets with uniaxial anisotropy, in the presence of an oscillating field transverse to the axis of anisotropy. The saturation magnetization can be driven even to the equatorial plane perpendicular to the anisotropy axis. The P-modes correspond to new non-equilibrium states lying far from the anisotropy axis. The stability of the P-modes under uniform and spin wave perturbations has been studied in general. Specifically we have identified new equatorial fixed points, which ex-hibit a more complex dynamical phenomena. Further, we have obtained generalized Suhl's spin-wave instability criterion in the presence of dissipation, anisotropy in an arbitrary direction, and demagnetization. From the linear stability analysis, we notice resonance occurs at the frequencies ω q = ω/2, ω.
The arbitrariness of the axis of anisotropy is crucial in determining the resonance frequencies. The resonances are absent when the wave vector associated with the spin wave lies in the x − y plane, the plane of the ferromagnetic film. Various nonlinear dynamics including spin-wave turbulence beyond the generalized Suhl instability will constitute subjects which we intend to study in future. showing the two fixed points, one stable, and another a saddle. 
